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THE CONDITION THAT A LINEAR TOTAL DIFFERENTIAL 
EQUATION BE INTEGRABLE. 

By E. O. Lovett. 
In order that the linear partial differential equations 

(1) n/= Mx, y, z) M+ Vl {x, y, z) J£+ fl (*, y , ,) |£ = , 

(2) XV= fe(x, y, *) J£+ Vi (x, y, z) ¥+ & (as, y, «) g= 0, 

have a common solution it is both necessary and sufficient that a relation of 
the form 

(n lt n,)s 0,(0,0- iMOi/^M*. y> *)Oi/+Xi(*. y, *)«»/ 

exist identically, whatever the function /(a:, y, z) may be-* 
If the above equations have the forms 

(3) *i/=J£+* 1 ( a :,y,*)f£=0, 

(4) 2£s/|£+*,(a,y,*)|£=(>, 

the expression (J5T„ -Xj) will have no terms in-^and^-, and X„ \ 2 accord- 
ingly become zero, that is 

(X x , X,) = X^Xtf)- X l (X i f)= 0, 

is the necessary and sufficient condition that (3) and (4) have a common solu- 
tion. 

In order that the linear total differential equation 

( 5) P(x, y, z) dx + Q (x, y, z) dy + B (x, y, z)dz = 

* See Lie-Scheffers, Differentialgleichungen mil bekannten infinitesimalen Transformationen, 
chap. 10, § 3; Leipzig, 1891. 
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176 LOVETT. 

have an integral it is both necessary and sufficient that the linear partial differ- 
ential equations 

UJ ~dx Bdz~ V ' J ~dy Bdz~" 

have a common solution. 

Hence in order that the linear total differential equation (5) be integrable 
it is both necessary and sufficient that 

(U, F)=0; 
or, in developed form 

^^P(Q,-B v )+Q(B x -P z )+B(P v -Q x )^ d f z =0; 

that is 

P(Q z -B y )+Q(B x -P z )+B{P y -Q x )=0. 

The above method admits of immediate extension to the case of more 
than three independent variables 

n 
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